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Abstract 

The problem of stock hedging is reconsidered in this paper, where a put option is 
chosen from a set of available put options to hedge the market risk of a stock. A formula 
is proposed to determine the probability that the potential loss exceeds a predetermined 
level of Value-at-Risk, which is used to find the optimal strike price and optimal hedge 
ratio. The assumptions that the chosen put option finishes in-the-money and the constraint 
of hedging budget is binding are relaxed in this paper. A hypothesis test is proposed to 
determine whether the failure rate of hedging strategy is greater than the predetermined 
level of risk. The performances of the proposed method and the method with those two 
assumptions are compared through simulations. The results of simulated investigations 
indicate that the proposed method is much more prudent than the method with those two 
assumptions. 
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1. Introduction 



Risk m anagement i s important i n the practices of financial institutions and other cor- 
porat ions (|Mianl . Il996l : IStuhJ . Il996l : bodnar et all Il998l : lAhn et all . Il999l : IPrevost et al 



2000). Derivatives are pop ular instrument s to hedge exposures due to currency, interest 



rate and other market risks (jBerkman et all 119971 ; iGraham and Rogers! l2002l ; lBartram et al 



20091 : beelstra et all . l2010h . An important step of risk management is to use these deriva- 
tives in an optimal way. 

The most popular derivatives are forwards, options and swaps. They are basic blocks 
for all sorts of other more complicated derivatives, and should be used prudently. Several 
parameters need to be determined in the processes of risk management, and it is neces- 
sary to investigate the influence of these par ameters on the aims of the hedging policies 
and the possibility of achieving these goals ( Annaert et al. . 20071 ). However, the litera- 



ture on risk managem ent is much silent on how to optimally decide on these parameters 



(|Annaert et all 120071 ) 



The probl em of determining the optimal strike p rice and optimal hed ging ratio is 
considered by lAhn et al. (1999), I Annaert et al. | (120071 1. beelstra et all (|2010l l and the ref- 
erences therein, where a put option is used to hedge market risk under a constraint of 
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budget. The chosen option is supposed to finish in-the-money at maturity in the afore- 
mentioned papers, such that the predicted loss of the hedged portfolio is different from 
the realized loss. And the constraint of hedging budget is supposed to be binding in 
those papers, which means that the company will always spend the maximum available 
to buy options, such that the cost of hedging is determined by the amount of hedging 
budget. Whether the performance of hedging strategy is affected by the two assumptions 
is considered in this paper. 

Following lAhn et al. I (jl999h . lAnnaert et al. I (120071 ) and iDeelstra et alJ the aim 

of hedging is to minimize the potential loss of investment under a specified level of con- 
fidence. In other words, the optimal hedging strategy is to minimize the Value-at-Risk 
(VaR) under a specified level of risk. However, the present paper is different from the 
aforementioned papers in several aspects. First, the chosen put option is not supposed to 
finish in-the-money at maturity in this paper. As the possibility of inexecution is taken 
into account, the predicted loss of hedging is closer to the realized loss. Second, the con- 
straint of hedging budget is not supposed to be binding, such that the expenditure of 
hedging is not always equal to the maximum available. Third, the available put options 
are specified by their strike prices in a discrete manner, such that the optimal strike price 
can only be chosen from a predetermined finite set of strike prices, which is similar to the 
situation faced in real world financial market. Finally, the performances of the resulted 
optimal hedging strategies are investigated through hypothesis tests, where the failure of 
hedging means that the realized loss exceeds the level of VaR predicted by the hedging 
strategy. The simulated investigations indica te that the propo se d method is more acc urate 
than the method ded uced from the spirit of Ahn et al. ( 19991 ) . Annaert et al. ( 2007 ) and 



Deelstra et all (|20ld l 



The paper is organized as follows. Section 2 describes the stock hedging problem. 
Section 3 presents the main theoretical analysis of loss and its risk, where the probability 
that the potential loss of hedging strategy exceeds a predetermined threshold is calculated 
under a geometric Brownian motion. Section 4 describes two methods to determine the 
optimal hedging strategy, one is deduced from the spirit of the aforementioned papers, 
and the other is proposed in the present paper. The failure rates of hedging strategies are 
compared through simulations in Section 5. Section 6 gives the conclusions and discussions. 



2. The stock hedging problem 

Analogously to I Ahn et al. | (119991 ) and lDeelstra et al.1 (|2010h . a stock is supposed to be 
bought at time zero with price So, and to be sold at time T with uncertain price St- In 
order to hedge the market risk of the stock, the company decides to choose one of the 
available put options written on the same stock with maturity at time r, where r is prior 
and close to T, and the n available put options are specified by their strike prices Ki 
(i = 1,2,- •• ,n). As the prices of different put options are also different, the company 
needs to determine an optimal hedge ratio h (0 < h < 1) with respect to the chosen strike 
price. The cost of hedging should be less than or equal to the predetermined hedging 
budget C. In other words, the company needs to determine the optimal strike price and 
hedging ratio under the constraint of hedging budget. 

The chosen put option is supposed to finish in-the-m oney at maturity , and the con- 



straint of hedging expenditur e is supposed to be binding by I Ahn et al.l (|1999l ) , lAnnaert et al 



(I2007T ). IDeelstra et all (|2010h and the references therein. These two assumptions are re 
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laxed in this paper, such that the possibility of inexecution is taken into account, and the 
cost of hedging may be less than or equal to the maximum available. The performances 
of the hedging strategies with or without these assumptions are compared in the following 
sections. 



3. Loss and its risk 



Suppose the market price of the stock is So at time zero, the hedge ratio is h, the price 
of the put option is Po, an d the riskless interest rate is r. At time T, the time value of the 
hedging portfolio is 

S e rT + hP e rT , (1) 



and the market price of the portfolio is 

S T + h{K - S T ) + e r(T " r) , 
therefore the loss of the portfolio is 

L = (S e rT + hP e rT ) -(s T + h(K- S T ) + e r ^- T A , 



(2) 



(3) 



where x + = max(x,0), which is the payoff function of put option at maturity. 

For a given threshold v, the probability that the amount of loss exceeds v is denoted 

as 

a = Prob {L > v} , (4) 

in other words, v is the Value-at-Risk (VaR) at a percentage level. There are sev- 
eral alternative measures of risk, such as CVaR (Conditional Value-at-Risk), ESF (Ex- 
pected Shortfa l l), CTE (Conditional Tail Expectation), and other coherent risk measures 
(lArtzner et al.l.ll999l:lRockafellar and Urvasey . 2002 : Acerbi and Taschel 2002 : Annaert et al 



20071: iBrazauskas et all 120081 : beelstra et all l201(ih . The criterion of optimality adopted 



in this paper is t o minimize the VaR of the hedging strategy, which follows the papers by 
Ahn et al. ( 19991 ). Annaert et al. ( 2007 ) and the references therein. 



The mathematical model of stock pr ice is chosen to be a geometric Brownian motion 
in this paper, following Ahn et al. ( 19991 ). i.e. 



dS± 
St 



fidt + crdBt, 



(5) 



where St is the stock price at time t (0 < t < T), [x and a are the drift and the volatility 
of stock price, and Bt is a standard Brownian motion. The solution of the stochastic 
differential equation is 

S t = Soe^'+^-^y, (6) 
where Bq = 0, and St is lognormally distributed. 

Proposition 1. For a given threshold of loss v, the probability that the loss exceeds v is 
Prob {L > v} = E [l {x < Cl} F Y (g(X) - X)] + E [l { x> cl }Fy (c 2 - X)] , (7) 
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where E[X] is the expectation of random variable X. I{x<c} * s ^ e index function of X 
such that I{x<c} = 1 when {X < c} is true, otherwise I{x<c} = 0- Py{v) is the cumulative 
distribution function of random variable Y , and 



9(X) 
f(X) 



In 



In 



1 2 



(So + hP ) e rl -h{K-f(X))e 



r(T-r) 



5*0 



S Q e° x+ ^-^ 2 )\ 



('■■2 



In 



(So + hP ) e r 
So 



X and Y are both normally distributed, where X ~ N(0, y/r), Y ~ N(0, \JT — r). 
Proof: see Appendix. 

Remark 1. For a specified hedging strategy, Q{v) = Prob{L > v} is a decreasing function 
of v. The VaR under a level can be obtained from equation 



Q(v) = a. 



(8) 



The expectations in Proposition^ can be calculated with Monte Carlo simulation methods, 
and the optimal hedging strategy which has the smallest VaR can be obtained from equation 
|5|) by numerical searching methods. 



4. Optimal hedging strategies 

Suppose there are n put options available in the market with different strike prices K~i, 
i = 1, 2, ■ • • , n, and the prices of those put options are denoted as Pi respectively, which 
are determined by the Black-Scholes formula 

P t = K i e- rT N(d 1 )-S N(d 2 ), (9) 

where 

l n (^_( r 

ln(f)-(r + ^)r 

d 2 = 7= = di-a^T, (11) 

o"V r 

and iV(-) is the cumulative distribution function of standard normal distribution. 

In order to hedge market risk, the company decides to buy one or part of a put 
option with an optimal strike price, therefore how to determine the optimal strike price 
and optimal hedging ratio is important in the practice of risk management. The present 
paper investigates the performances of two kinds of hedging strategies which are based on 
different assumptions. 
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4-1. ABRW method 

A method to determine the optima l stri ke price and optimal hedge ratio is given by 



Ahn et al 



od to determine tne optima l stri ke price and optimal nedge ratio is given by 
(1999), lAnnaert et al.1 (|2007h and foeelstra et al.1 (j201(]h . where the chosen put 



option is supposed to finish in-the-money at maturity, and the company will always spend 
the maximum available to buy put option, i.e. 



min VaR 

(h,Ki) 



min (So + hPi } t 

(h,Ki) 



iT 



[I - h)S e^-^ T+e ^ VT + hK^ T -^\ , (12 



subject to < 



hP l = C, 
Pi = K ie ~ rT 
0<h<l, 
{ Ki e {Kx,K 2 



iV(di) - S N(d 2 ) 
,K n }, 



(13) 



where stock price is supposed to be a geometric Brownian motion, C is the maximum 
amount available to buy put option, and 0(a) is the cut-off point of the cumulative distri- 
bution function of standard normal distribution. The solution of this problem is achieved 
through numerical searching method in this paper, which is denoted as (K* , h*), and called 
the optimal strategy of ABRW method. 

4-2. Minimization of VaR 

Following IXhn et al.l (jl999h . the subject of hedging is to minimize the VaR with one of 
the available put options. When the inexecution of the put option is taken into account, 
and the expenditure of hedging is not always the same as the maximum available, the 
probability that the potential loss exceeds the specified value of VaR can be calculated by 
Proposition [TJ In other words, the company wants to solve the following problem 

min VaR a , (14) 

{h,Ki) 

' Prob {L > VaR a } = a, 
hPi < C, 

subject to I Pi = K t e-' rT N{di) - S N(d 2 ), (15) 
< h < 1, 
k KiSiKuKz,-' ,K n }, 

where a is the specified target of risk control, and C is the constraint of hedging budget. 
The solution of this problem is denoted as (^K* ,h*^j, which is called the optimal hedging 
strategy with minimum VaR under a percentage level. Numerical searching method is 
used to solve this optimal problem in this paper. 



5. Simulated investigations 

For the same level of a, the resulted VaR deduced by ABRW method may be different 
from the one proposed in this paper. A hedging strategy is called success if the realized loss 
is less than or equal to the predetermined level of VaR, otherwise the hedging strategy is 
called failure. In order to compare the performances of ABRW method and the proposed 
method, simulated investigations are designed in this paper. 
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Table 1: Standard value, range of variation and step length of each parameter. 





A* 


a 1 


r 


T-T 


C 


a 


r 


standard 


0.1 


0.0225 


35 


5 


0.35 


0.05 


0.05 


range 


[-0.1,0.1] 


[0.001,0.21] 


[1,40] 


[1,40] 


[0.05,5] 


[0.01,0.05] 


[0.01,0.16] 


step 


0.01 


0.001 


1 


1 


0.05 


0.005 


0.001 



The failure rates under various parameters are considered in this paper. The param- 
eters are divided into four parts, including market factors \i and a (/year), time factors 
r and T (day), management factors C and a, and interest rate factor r (/year). The 
standard value of each parameter is the fixed value when the other parameters are varied. 
The standard value, range of variation and step length of each parameter are given in 
Table [Q and the stock price at time zero So is fixed at 100 in this paper. 

5.1. Test of failure ratio 

The frequency of failure is used to evaluate the performance of hedging strategy. For 
a particular parameter combination, the optimal strike price, optimal hedging ratio and 
minimum VaR under a level are determined by ABRW method and the proposed method 
respectively. The stock prices S T and St are simulated with geometric Brownian motion, 
and the hedging is said to be failure when the realized loss exceeds the predetermined level 
of VaR. Repeat the simulated trial N = 100, 000 times, the probability of failure can be 
estimated by the observed frequency of failures. If the probability of failure is less than 
or equal to the specified value of a, the hedging strategy is said to be success, otherwise 
it is said to be failure. 

A hypothesis test is used to determine whether the probability of failure is larger than 
the specified value of a. Denote the probability of failure as /, the null and alternative 
hypotheses are 

H :f<a; H x :f>a. (16) 

Let Xi be the index variable of the ith. trial, such that Xi = 1 indicates that the 
hedging is failure at the ith trial, otherwise Xi = 0, i = 1,2, ••■ ,N, where N is the 
number of simulations. The frequency of failures is 



The test statistic is chosen to be 



X '-" ] (18) 



yja (1 - a) /N 

which is asymptotically normally distributed, therefore 

K = {T> U^} (19) 

is used as the rejection criterion for the test, where U\-p is the 1 — (3 quantile of cumulative 
distribution function of standard normal distribution, and f3 = 0.05 is the significance level 
of the test in this paper. 
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Table 2: Passing rates of hypothesis tests under various parameter combinations. 





fj, a 


r T-t 


C a 


r 


Total 


number of combinations 


4410 


1600 


900 


1501 


8409 


ABRW 


0.84% 


2.13% 


0.56% 


0% 


0.9% 


Min VaR 


100% 


100% 


100% 


100% 


100% 



0.45 




0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 

C 



Figure 1: Failure rates and hedging budget. 

From Table [21 it can be found that the passing rates of the hedging strategy deduced by 
ABRW method are dramatically lower than their counterparts deduced by the proposed 
method. These observations indicate that the hedging strategy given by the proposed 
method is much more prudent than the strategy given by the ABRW method with respect 
to the failure rates. 



5.2. Failure rate and hedging budget 

The constr a int on hed ging expenditur e is su pposed to be binding bv lAhn et al. (Il999h . 
Annaert etai] (|2007h and lPeelstra et al.1 (fcoioh , in other words, the company will always 



spend the maximum available to buy put option. In order to investigate the effect of this 
assumption, the probabilities of failure are estimated from the simulated data, where C 
increases from 0.05 to 5, and the results are plotted in Figure [TJ 

It can be found that the estimated probabilities of failure under the proposed method 
are all less than the predetermined level of risk management, while their counterparts 
under the ABRW method are all greater than the specified level of a. Furthermore, the 
probability of failure with lower level of C is not always greater than the probability with 
higher level of hedging budget under ABRW method. These observations indicate that 
more hedging cost may not always produce better consequence of risk management. 
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5.3. Numerical examples 

Let all of the parameters take the standard values, the optimal strike prices and hedging 
ratios under both hedging strategies are the same, where K = 100 and h = 0.231. The 
VaR under ABRW method is 5.8636, and the failure rate is 0.0563, which does not pass 
the hypothesis test. And the VaR under the proposed method is 6.1223, and the failure 
rate is 0.04825, which passes the test. 

If the influence of the binding constraint on hedge budget of ABRW method is ab- 
solutely eliminated, the optimal strike price is K = 95, and the optimal hedging ratio is 
h = 1. The failure ratio reaches to a higher level 0.07595. Therefore the worse result is 
just derived from the assumption that the put option always finishes in-the-money. 

Let K = 105, h = 0.071293, the corresponding VaR is 6.5666 under the ABRW 
method, and the rate of failure is 0.05025. Although this hedging strategy is not optimal 
in the sense of ABRW, the performance is better than the optimal one given by ABRW 



metho d . This observa t ion i ndicat es that the tw o key assumptions taken bv lAhn et al 



(|l999h . lAnnaert et all (120071 ) and beelstra et aD l|20ld ) may lead to strategies which is 



not really optimal with respect to the test of failure rate. 

6. Conclusions and discussions 

The stock hedging problem is considered in this paper, where a put option is chosen 
from a finite set of available options to manage the market risk exposure of a stock. A 
formula is proposed to determine the probability that the potential loss exceeds a prede- 
termined level of VaR under geometric Brownian motion, where market risk is measured 
with Value-at-Risk, and the assumptions that the chosen put option finishes in-the-money 
and the constraint of hedging budget is binding are relaxed. A method to determine the 
optimal strike price and optimal hedging ratio is proposed in this paper. 

The pe r formances of the proposed m etho d and the method de duced from the spirit of 
Ahn et al. (|l999h . lAnnaert et all (|2007h and beelstra et aD (|2010h are compared through 



simulated investigations, where a hypothesis test is proposed to determine whether the 
failure rate of hedging strategy is greater than the specified level of risk. The results of 
simulations indicate that the proposed method is much more prudent than the method 
deduced from the aforementioned papers. 

The differences between the two methods are derived from the two assumptions. The 
chosen put option is supposed to be in-the-money at maturity, such that the predicted 
loss of hedging is different from the realized loss in financial market. And the constraint 
of budget is supposed to be binding in the aforementioned papers, which means that the 
company will always spend the maximum available to hedge market risk, such that the 
cost of hedging is affected by the predetermined amount of budget. The tests of failure 
rates indicate that the performances of the hedging strategy without the two assumptions 
are much more prudent than the strategy deduced from those assumptions. 

Further research possibilities are mainly in three directions. First, other model of 
stock price can be used to determine the potential loss of hedging strategy. The use of 
geometric Brownian motion to describe the dynamics of stock prices is very widespread 
in the financial industry, while empirical investigations indicate that the returns of stock 
prices are not always lognormally distributed. Second, other models of risk measurement 
can be used to determine the risk of hedging strategy. VaR is not a coherent measure, while 
CVaR, ESF, CTE, and other coherent measures can be used as the risk measurement. 
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Finally, the performance of the proposed method in real word financial market is also 
needed to be investigated, which will be left for further research. 



Appendix 

Proof. The probability that the potential loss exceeds v can be written as 
Prob |s* e rT + hP e rT - h(K - S T ) + e r{T ~ T ^ - S T > t»} 
= Prob {s e rT + hP e rT - h(K - S T ) + e r(T - r) - S T >v,K > S T } 
+ Prob |s e rT + hP e rT - h(K - S T ) + e r{T ^ -S T >v,K< S T } 
= Qi + Q 2 - 

Set X = B T , Y = P>t — B T . As B>t (0 < t < T) is a standard Brownian motion, X and Y 
are independently distributed, and X ~ N(0, y/r),Y ~ N(0, yjT - r). 



Qi = Prob \s T < S e rT + hP e rT - h(K - S T )e r{T ~ T) - v, S T < if} 



-|„--^|T 



= E[/, X < C1> F F ( 9 (X)-X)], 
where Fy{d) is the distribution function of variable Y, and 



ci 



In 



In 



K 
S~o 

' (So + hP ) e rT -h(K- f(X)) e< T ~^ 



So 



Soe aX+ ^~^ 2 ) T . 



where 



Q 2 = Prob {S T < S e rT + hP e rT -v,S T > K) 



= Prob Ibt < - ( In 



1 



(So + hPp) e 
So 



rT 



T 



E [hx>c,}FY (C2 - X)] , 



C2 



1 

(J 



In 



(S + hPo)e 



rT 



So 



a a' 

P 2 



□ 
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